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Abstract 

In this paper we study spectral properties associated to Schrodinger 
operator —A — W, with potential W that is an exponential decaying 
function. As applications we prove local energy decay for solutions to the 
perturbed wave equation and lack of resonances for the NLS. 



1 Introduction 

In this paper we study the problem of resonances at zero energy for the operator 

Smx) = -A^{x) - Wimix), (1) 

with W{r) being a positive real valued measurable function, decreasing suffi- 
ciently rapidly at infinity.. There exists a vast literature concerning the theory 
of resonances, we cite here [2], [5], [23], [25] (and reference therein). The res- 
onances of an operator were introduced in physics and defined as the poles of 
its resolvent operator function taken in some generalized way. More precisely 
one can observe that, if we choose a radial function w(|a;|) in R'^, we have the 
relation 

fu{\x\)\_ u"{\x\) 

V 1^1 J ■ 

Therefore, piking up ip{x) — u{x)/\x\ and S{^p) — P{u)/\x\, we can rewrite the 
operator ^ as 

P{u){r) = -u"{r) - W{r)u{r) (2) 
on the semi- line (0,oo) together with Dirichlet condition 

m(0) = 
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at the origin, that is a selfadjoint unbounded operator in i^(0, cxi) with domain 

{u e ij2(0,oo);u(0) = 0}. 

It is well known that if the potential is of short range type, then the set of 
eigenvalues of P is finite, contained in (— oo,0), with each eigenvalue of finite 
multiplicity. 

Recall that the resolvent of P 

Ril?) = {p - i,^r' 

(considered as an operator from to C°°) is a meromorphic operator in some 
subset of the complex plane. The poles of are called resonances of P The 

main goal of this work is to present an argument that gives sufHcient condition 
for the non-existence of resonances. This means the following, 

Theorem 1.1. Suppose the potential W{r) £ C^(0,cxd) is a positive decreasing 
Junction satisfying (for some > 0, C > and > Q ) the estimates 

\W'{r)\ + \W{r)\<Ce-''>\ r>ro. (3) 

Then there exists a positive S such that there are no resonances in 

{^iec■,\^i\<6}. 

Moreover, if fi with Im /i > —5 is a resonance, then is a real negative number 
and fi is eigenvalue of P. 

Remark 1.1. The fact that all resonances in domain of type 

{fieC-0< \fi\ < i?, |Im/^| < 6} 

are eigenvalues is a well-known and follows from resolvent estimates leading to 
limiting absorption principle (see ^ll for example). The fact that this domain can 
be extended taking i? — >■ oo is also well known (see J22l for example). Therefore, 
the key information in this theorem is the lack of resonances at the origin /i = 0. 

The resonances can be considered in some manner like eigenvalues. The 
existence of non-trivial solution of the equation Pu = 0, is a typical obstacle 
to find dispersive properties of the time evolution group associated with the 
Schrodinger operator —A — W{x). Therefore, as a first application of the above 
theorem ll.il we shall look for dispersive properties to the solution of the follow- 
ing (see [3], [4], [25], [27] for further details), 

utt ~ Au~Wu^O, {t, a;) e R X R'"^ 
u(0, x) = Unix), ut{0, x) = vo{x), 

where the potential W satisfies the assumptions ([T8)) . In our setting, we get 
local energy decay, see Theorem 15. 11 for the above problem 
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Consider now the solution u of the Schrodinger type equation 

idtu + /\u+\u\P-^u^Q. (5) 

The existence of sohtary type solutions to the Schrodinger equation ([5]) is 
well - studied problem. One can see for example [S] and [55] the existence results 
for 1 <p< 1 + 4/3. 

The natural functional associated with this problem is 

= JllVxIli. - ^ I Ix^'dx. (6) 
The corresponding minimization problem is associated with the quantity 

In = inf{£(x);x e H\ \\x\\h - N}- (7) 

We have the following result, see [8J and [9J for more details, 

Lemma 1.1. 1. For any cj > there exists a unique positive solution x{^) = 
Xujix) G of the equation (j53p . such that 

i) the function x{^) = xd^^l) is radial one, 

ii) the function lo € (0,oo) — )■ HXc^jUl^ is strictly increasing one and belongs 
to Ci(0,oo). 

Remark 1.2. To check ii) we use the following argument used in Any 
positive radial solution of 

-Ax + c^x = x^ xe ^f'(R'), x>0 

is given by x{^) ~ XiiV^^) where xi is the unique radial solution of 

-Axi + XI = X?, XI e H\R^), XI > 

Thus 

||x||l=(r3)=c.i/(p-i)-3/4||;^i||^.(j,3) 

so N = const uj^/(P^^'>^-^/'^ where l/{p— 1) — 3/4 > 0. This yields the charac- 
terization of N as a function ofuj. 

One can see that the solutions Xuj of the above Lemma are radial ones and 
Xuj{x) is rapidly decreasing in x as |a;| — >■ oo provided N{uj) < 1. 

In particular the property ii) of the above Lemma guarantees that one can 
find a unique x* that is radial positive function x* ~ X*i\^\) that is a minimizer 
of Ii so there exists a unique > so that 

Ax* x*= Xl, (8) 



X*\' = 1- 

R3 
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A standard linearization of the Nonlinear Schrodinger equation ([5]) around 
the solitary solution leads to the necessity to use some spectral properties of the 
following operator 

Note that the operator 

i_K) = -A-x^(^)+^* 

introduced in [28J (with rescaled choice w* — 1) has a nontrivial kernel and 
plays important role in the study of modulational stability of ground states of 
nonlinear Schrodinger equations. 

It is well - known from the results in [TT] , [TS] , [B] , [7] , (TS] , [20] that asymp- 
totic stability around solitary waves is closely connected with the existence of 
resonances at the origin. More precisely, the following assumption is frequently 
used in these articles: 

{HI) is not a resonance of —A — x*{^) ■ 

The main goal of this work is to present an argument that proves the as- 
sumption {HI) in the general case and therefore the above cited results can be 
established without this additional assumption and this is contained in Theorem 

The scheme of the paper is the following: in Section 2 we distinguish between 
strong and weak resonances, defining the last one. We also give an asymptotic 
expansions of the corresponding solution. In Section 3 we give the main Theorem 
13.11 on lack of strong resonances at the spectral point zero, in the radial case. 
In Section 4 we extend the result to the non-radial case. In Sections 5 and 
6 we obtain some application, local energy decay for wave equation perturbed 
by a potential (Theorem 15. ip . and lack of resonance (and eigenvalue) for the 
linearized operator of NLS around its ground states (Theorem 16. ip . Finally in 
Section 7 we furthermore focalize on the weak resonances. 

We will set if™'" 

\\u\\hp~- = ll(A)*-u||/j™(3j2), 

where p G R, s G R and (A) = (1 -h |Ap)i/2 Moreover, given any two positive 
real numbers a, &, we write a < & to indicate a < Ch, with C > 0. 

2 Resonance at the spectral origin 

To study the poles of perturbed resolvent R{^^) ~ {P — '^'^ start with 

explicit representation of the free resolvent Rq{ii^) — {Pq — /x^)"^, where 

Po{u){r) = ~u"{r) 

with r G (0,oo) together with Dirichlet condition 

u{0) = 
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at the origin. Then 

>/0 M Jr 1^ 

are well defined for / e Cg". A direct calculation shows that 

u±{r)=R^i„'){f){r) 

satisfies the equation 

Po{u) -p?u = f 

as well as the Dirichlet condition u(0) = 0. Choosing the sign + in the above 
representations we see that 

Jo 1^ Jr M 

can be extended as an operator in provided Im/i > 0. Moreover, this is a 
holomorphic operator- valued function for Ini/U > 0. The representation formula 
guarantees also that the operator 

<p(r)(Po-/i')~VM, ^{r)=e-'' 

is holomorphic operator valued (in L^) function in larger domain Im/x > —5. 
The perturbed resolvent R{n^) = (P— /z^)"^ satisfies in Im/x > the relation 

(p - n')-' = {i- (Po - f^T'wy' (Po - fi'r' (10) 

provided the operator (/ — (Pq — iJ,'^)~^W) is invertible. This relation implies 

^(P-/x')-V= (/-^(^■o-m')"'W^^) ¥'(Po-m')"V- (11) 
Applying the Fredholm alternative, we see that 

^(p-m')-V 

is holomorphic except the points yU such that the equation 

/ = ^(Po - ^,Y'w^ 

has a nontrivial solution / e L^(0, +00). These complex numbers ^ are the 
resonances and we give a more detailed description of the resonances in the 
following. 

Lemma 2.1. Assume W{r) < Ce-^"'' and (p{r) = e'^'' with < 5 < eo/2. For 
any complex ji with > Im/Lt > —5 the following conditions are equivalent: 
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i) ^ is a resonance, i.e. there is f G L^(0,oo) so that f is not identically 
zero and 

ii) there is u ^ C[0,oo) not identically zero, e^™^^u is bounded and 



Hi) there is u G C[0, oo) H C^(0, oo) so that u is not identically zero, e^'"'"'u 
is bounded and u solves 

Pu ^ i?u, u(0) = 0. 

Proof, i) ii). The proof follows from standard substitution u — f^p^^ and 
classical estimates. We get u ~ (Po — Now by the assumption on 

the complex number /i, we can write 

We'^^'uU^ < \\uU^ < |l(Po 

The resolvent estimates ||(Po ~ fJ-^)^^ g\\L°= ^ gWv^, (see [TS] and ref- 

erence therein), and the bound (x) < ip^^, yield the implication i) ^ ii). The 
other implication follows from 

= \ipix)u{x)\ < e-(*+i'»'^)l^l e 



ii) Hi). Applying the operator Pq to both sides of the identity u = {Pq — 
IJ?)~^Wu, we get the result. Moreover the representation © says that u{0) — 0. 
Hi) ii). The proof follow by an application of the Limiting Absorption Prin- 
ciple (see H]) and by the bound (p < (x)^ . □ 

The above Lemma reduces the study of resonance to the study of the solu- 
tions to the problem 

Pu = pL^u, li(0) = 0, 

satisfying the bound 

|M(r)| < Ce-^'"''^ 0>Im^>-5. 

More general question to solve is the existence of nontrivial solutions satis- 
fying weaker bound 

|u(r)|<Ce'^^ 0>Im/i>-(5. 

We distinguish these two cases: we call the resonances from Lemma 12.11 
strong resonances and define the weak ones as follows: 

Definition 1. A complex number /i with > Im/i > —5 is called a weak 
resonance of 

^-(|:)'-«'M 
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if there exists u £ C([0, cxi)), such that u{jS) = 0, u{r) is not identically zero, 
P{u) — fi^u in distribution sense in (0, oo) and the solution u satisfies the 
inequality 

\u{r)\ < C e^\^\ . (12) 

We recalling that, as underlined for example in [TU] and (TH], that the res- 
onances are defined as functions not in but in larger weighted spaces. 
Moreover these functions are L°°-bounded and behave asymptotically as (x)^^, 
in spatial dimension three. These resonances will be called strong resonances 
(see Definition [5] for precise notion). But, for completeness, we study also the 
weak ones. 

Moreover, as it was mentioned in the introduction, we have to study only 
the existence of resonance at the origin. 



3 Strong resonance at the spectral origin. 

Definition 2. A real number A is called a strong resonance of 



d^^ 



if there exists u € C([0,oo)), such that u(0) = 0, u{s) is not identically zero, 
P{u) — Xu in distribution sense in (0, oo) and the solution u satisfies the in- 
equality 

|u(r)| < C(l + r)^ (13) 

with some < a < 1. 

We shall need the asymptotic expansions of Lemma 17.11 Without loss of 
generality we can assume u is real - valued. Multiplying the equation 

P{u) = u"{r) + W{r)u = 
by u' and integrating over (r, oo), we find 

|u'(r)p W{r)\u{rr rTSlM^dr = 0. 

Take any function g(r) € C([0,oo)), such that g(r) tends to at infinity. We 
multiply further the last relation by —g{r) and integrate over (0,oo) 

lir)\u'{rr , r 9{r)W{r)\u{r)\^ ^ ^^^^ 

2 .In 2 



Gir)W'ir)\u{r)\^ _ 



where G{r) = g{T)d7 
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Take a function h{r) on (0,oo) such that h"{r) exists, continuous on 
(0, rg) U (ro, +cxd) and has a finite jump 

lim h"{r) — lim h"{r) < oo. 

r^r+ r^r- 

We shall require further that h'{r) tends to zero at infinity and h" {r) is integrable 
on (0, cxd). We multiply the equation Pu = Q hy hu and integrate over (0, cxd), 
so we get 

r^>M:>!!*-r.Mi.'WP*+ (15) 

Jq 2 Jo 

+ / h{r)W{r)\u{r)\'^ dr = 0. 

Choosing h = g/2 and summing the above two relations, we obtain 

$(r) |u(r)p dr = 0, (16) 



where 

$(r) = 2g{r)W(r) + G(r)PF'(r) + 
The starting definition of the function g"{r) is the following one 

We take tq = Af^ and shall define the positive parameters Af, 5 later on. 
For < r < ro we have 



j.M+3 



[M + 2){M + iy ' ' (M + 3)(Ai" + 2)(A// + !)■ 
From these relations we deduce the following. 

Lemma 3.1. Suppose the potential W{r) is a positive decreasing function, such 
that the assumption ^ is satisfied. Then one can find a positive constant M* 
depending on C*, Eg, such that for any r G (0, M^) we have 

$(r) > 2gW. 

Proof. We have the estimates 

G{r)W'{r) + ^-P>- ' 



1 



(Af + 3)(A/ + 2)(Af + l 



2 2 V {M + 3){M + 2){M + 1) 
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Now we are in position to choose M* = M*{C*,so) so large that 

^~ (M + 3)(M + 2)(M + 1) - ^ 
for r < and M > M*. Hence 

$(r) = 2g{r)W{r) + G{r)W^{r) + > 2g{r)W{r). 

This completes the proof. □ 
For r > To = we shall use the relations 



G(r) = / 
Jo 



(r) = / (r - t)c/ (r)dr, G'(r) = / g {T)dT 



Here and below we used the property ^'(O) = 0. 

Lemma 3.2. Suppose the potential W{r) is a positive decreasing function, such 
that there exist positive constants C* , eq so that 

\W{r)\ + \W'{r)\ < C*e-^°^ 

Then one can find a positive constant M* depending on C*,£o, such that for 
any M > M* and for any r G (M^, oo) we have 

|$(r)| < 2e-^'"'/2. 

Proof. Take r > M^. First we evaluate 

g{r)= / {r-a)a'^dcr+ / {r - a)e-^''d(T < 
Jo Jm^ 



pM poo 1 

< r / a^da + r / e'^'^da < r(M2^+2 + < 
^0 Jo 

for (5 < 1 and M > 1. In a similar way we get 

■\2„-5a. 



I 2r'^r^ 



2G{r) = (r - afa^da + / ( 
Jo Jm^ 



(r - (7ye-'"'da < 



< r2 / a^da + r^ / e-^'^da < r\M^^+^ + ^) < , . 
Jo Jo 6 6 

From these estimates and the assumptions on the decay of W we derive 

n"(r) AC* p-^or„2 y/r 

|$(r)| = \2g{r)W{r) + G{r)Wi{r) + ^| < / + e-'\ 
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Taking (5 = eo/2 and using the fact that 

hm e^-'^^'I'^r^r^ ^ 

we find M* = M*(C*,eo) so that 

|$(r)| < 2e-"'"^/2 

for r > KP and Af > Af*. This completes the proof of the Lemma. □ 

Now we can state in a precise form the main Theorem ll.il 

Theorem 3.1. Suppose the potential W{r) is a positive decreasing function, 
such that there exist positive constants C'*,e so that 

\W{r)\ + \W'ir)\ < C*e~'°\ (18) 

with some Sq > 0. The zero is not a strong resonance for Pu =^ u" (r)+W{r)u{r). 

Proof. Suppose u{r) is a solution to u"{r) + W{r)u{r) — 0, such that u{r) is 
not identically zero, i.e. u(ro) 7^ 0. We lose no generality assuming rg = 1, so 
m(1) ^ 0. We choose M* so that the conclusions of Lemma [5T] and Lemma [X^ 
are fulfilled. Then the identity ([TC]) implies that 

poo 

$(r) |u(r)p dr^-i $(r) \u{r)\'^ dr (19) 



for any M > M* . We can apply Lemma 17.11 and conclude that 

{t -l)W{T)u{T)dT + J {s-l)W{T)u{T)dT, 

This relation and the exponential decay of the potential W(t) implies 

/>oo 

5' = sup \u{s)\ < \u{0)\ + (r + l)W(r)|u(r)|dT < 00. 

^0 

Applying Lemma |3. 11 see that 

$(r) \u{r)f dr> g{r)W{r) \u{r)f dr > 

Jo 

f-2 r,M+3 _ 1 

> / gir)drWil) |.(1)P = ^ ^^^^^ ^"^^^^ ^ 1^(1) |.(1)P > WH) |.(1)P 



The right hand side of the identity ([19)) can be evaluated by the aid of Lemma 
and we get 

foo poo -£oMV2 

- / $(r) |u(r)|2 dr<2 e-'""'/^\u{r)\^dr < 2S^ 
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so we arrive at the inequality 

Wil) \u{l)f < 2S^ 

that obviously leads to a contradiction with ^ if A/ > M* is sufficiently 
large. The contradiction implies w = 0. This completes the proof. 

□ 

4 The non-radial case: zero is neither an eigen- 
value nor a resonance. 

Along the previous sections we treated the non-existence of radial resonances. 
Our next step is to treat the general case, that is the lack of resonances in the 
nonradial case. One can use standard projections on spherical harmonics and 
reduce the analysis to the proof that zero is not resonance for the following 
operator (see [ID] and [25]). 

P{u){r) = -u"{r) - W{r)u{r), r G (0, +oo). (20) 
Here and below we shall assume that W{r) — Wi{r) + W2{r), where 

T^r(.)=-^^, a>0, (21) 

while W2{r) is a C^(0,oo) positive strictly decreasing function such that for 
some positive constants C, £o satisfies the estimate 

\W2{r)\ < Ce-''°\ for any r > 0. (22) 

It is clear that we need for the applications only the case, when Q!(q; + 1) is an 
eigenvalue of the Laplace-Beltrami operator on the sphere S^. The arguments 
from this section are valid for any a > 
One can have 

Definition 3. A real number A is called eigenvalue of P if there exists u € 
7?^(0,oo) such that u(0) = 0, u{r) is not identically zero and P{u) = Xu in 
distribution sense in (0,+oo). 

The first step is to show that is not an eigenvalue. This means the following: 

Theorem 4.1. X — is not an eigenvalue of P. 

Proof. Suppose that there exists a real valued function u{r) e H^{0, oo) so that 
P{u) = 0. Our goal will be to show that u is identically zero. 

The Sobolev embedding on (0, cx)) implies that u{r) £ C([0, oo)). Then the 
equation Pu — guarantees that u £ H^{R, oo) C C^{[R, oo)) for any R > 0. 
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To analyze the behavior of the solution at infinity, we integrate the equation 
Pu = in the interval {R, Ri) and find 

\u'iR)-u'{Ri)\< \ W{rfdr] \\u\\l2 < CR-"^/^ , 



since at infinity W{r) behaves like r ^. The assumption u E H^{0,oo) easily 
yields 

\u'iR)\ < CR-^'^, \u{R)\ < CR-^'^. (23) 
From the asymptotic expansion obtained in the previous Lemma we have also 

u'{R) + ^u[R) <Ce-^"^/2^ (24) 
R 

One can use the relation (1161) taking into account that 
$(r) = $i(r) + 2g{r)W2{r) + G(r)VK:^(r) + 

with 



<^i[r) = -a{a + 1) 



2.9 (r) 2G(r) 



Then one can proceed as in the proof of Theorem l3.1l modifving the assertions 
of Lemmas as follows 

Lemma 4.1. Suppose the potential W2{r) is a positive decreasing function, such 
that the assumption ^ is satisfied. Then one can find a positive constant M* 
depending on C* , Eq, such that for any r £ (0, M^) we have 

$(r) = $i(r) + 2g{r)W2{r) + G{r)W^{r) + > 2gW2. 

Lemma 4.2. Suppose the potential W2{r) is a positive decreasing function, such 
that the assumption ^ is satisfied. Then one can find a positive constant M* 
depending on C* ,eQ, such that for any M > M* and for any r £ {M'^,oo) we 
have 

|$(r)| < 2e~"'"'/2. 

For the proof of the first Lemma it is sufficient to recall that dominant term 

in 

2g{r)W2{r) + G(r)VF^(r) + 



for < r < AP is 



5"(r-) 



r 



M 



2 2 ■ 

Since 

2r^^a{a + 1) 

$i(r) - 



(M + 3)(Af + 1)' 
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we see that for M large enough 



$(r) > 2gW2. 



This completes the proof of the Lemma. 



□ 



Once we have proved lack of zero-energy eigenvalue, we shall prove the fol- 
lowing: 

Lemma 4.3. Suppose a > 1/2. Then X = is not a strong resonance of P. 

Proof. According to the asymptotic formula (|55)) . if the operator P has in the 
spectral point A = a resonance, then u(r) is a function in L^(l,cx)), but this 
is clearly a contradiction. This easily concludes the proof of the lemma. □ 

Finally, we may study the resonances of the operator 



Definition 4. A real number X is called a strong resonance of —A — Ty(|a;|) if 
there exists u G C{Ji^), such that u(x) is not identically zero, —l\u — W{\x\)u = 
Xu in distribution sense in "R^ and the solution u satisfies the inequality 



with some e > 0. 

Theorem 4.2. Suppose the potential W{r) is a positive decreasing function, 
such that there exist positive constants C*,e so that (jl8p is fulfilled. Then zero 
is not a strong resonance for — A — H^(|a;|). 

Remark 4.1. Since W is an exponentially decaying and real valued, the above 
result implies that —A — W{\x\) has no resonances . 

5 Resolvent estimates and local energy decay for 
wave equation with potential 

Along this section we will prove the main resolvent estimates concerning the 
perturbed operator ([T]). Let us indicate by 



the resolvent of the operator —A, and set -R(j^(/i) = Ro{t^) if Im/i > and 
respectively RQ{fi) = Rq{p) for Im/i < 0. Take into account now the initial 
value problem 



A-W{\x\),x e 3?^ 



\u{x)\<C{l + \x\r'. 



(25) 



i?o(M)-(-A-Ai2) 



2\-l 



( 



d^u- Au = t e R, xe R^ 
iuiO,x),dtuiO,x)) = iO,g{x)), 



(26) 
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Once we pick Im ^ > C > 0, we have, by an application of the Laplace transform, 

Roifi)^ / e'^'Uo{t)dt (27) 



where Uq (t) = is the evolution operator associated to ([26| . This means 

that the resolvent associated to ([251) is a well-defined operator in 'B{H™'~^ , H"^), 
and depends analytically by ^, once one notice that (see [16] and [53] to have 
more details) 

l|Uo(i)/llff"> < II/IIh— (28) 

for any Schwartz function /. This aims to the following inequality, after an 
integration by parts of (P7)) and by (|25|) . to the bound, 

<^ll/ll«™, (29) 
for any Schwartz /. Moreover one could get from the identity, 

the estimate, 

\\RUf^)f\\L^<^\\f\\m- (30) 
Other relevant estimates obtained easily from the (|27p are, 

\\^Rti^^)f\\L^<-\2\\f\\L^^ (31) 



and 



2<(a')/IIl^<--3II/IIl^. (32) 



ll^i?o+(M)/llL^ <^ll/lk-. (33) 
Recall the classical resolvent identities ([T0|) . (fTTj) and set 

i?(M) = (-A - 14- - ^^2)-!, a(a*) = ^(-A - fi'r'Wip-'. 
One have the following compactness result in the spaces 
Lls = {f(^Ll,,il + \x\)-'feL'}. 

Lemma 5.1. The operators A{^) are compact in the space B{L'^g, L'^g,), for 
Imfi > —S and 6,6' > 0. Moreover the following estimate is satisfied: 

\\MtJ-)\\B{Ll„L^_^,) 0, 

as — T' oo. 
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This Lemma is a well-known standard result so we skip the proof. It suffices 
notice that — /i^)^^W is analytic on the zone Im/i > —5, and that the 

potential W is of the short range type (see [T] and references therein). The 
continuity of the multiplication operator Lp~^ in B(L^g, L'^g,), with the estimate 
(P^ . give the result. 



Lemma 5.2. Let us assume that the potential W satisfies (|18p . The cutoff 
resolvent operator ipR^{pL)Lp has a meromorphic extension from Im/i > to 
Im/i > —6. Moreover for each S > there exists a real constant C > such that 
the following estimates are true: 

yPacR+ii^Mh^ < j^Wfh^, (34) 

WipPacR+ifiMh^ < (35) 
y^PacR+it^Mh^ <C^\\fh2, (36) 



v>:T::^PacR+it^)^f\\L- < c— ^ll/H^-i, (37) 



.-^Paci?+(/i)^/|U^ < C-^ 

for any Schwartz function f. 



Proof. We start to prove the first claim. Denote by Pac the projection on the 
absolutely continuous part of the operator 

-A-W. 

The perturbed resolvent -R(/i^) = [P — M^)^^ satisfies in Im/i > the relation 
Pad- A -W- ^^')-' = Pac (/ - (A - ^^')-'wy' (-A - /i^)-! (38) 
provided the operator (/ — {Pq — /i^)^^VK) is invertible. This relation implies 

ipPac{-A-w-^lY^ip^ipPacv^-^ (^I-ip{Po-^l^)-'w^^ (^(Po-m')"V- 

^ (39) 

We can assume that /ii < • • • , < hn < are the eigenvalues of the operator 
—A — W with corresponding eigenvectors (normalized in L^) eigenvectors 

fi{x) < ■ ■■ ,< /jv(a;) 

They decay exponentially and this fact implies 

N 

{I-Pac)f^J2f^(f'fl^L'- 
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Hence taking S > sufficiently small in (p{x) = e ''l^l we get 

\\{I-Pac)^-'f\\L^-<C\\f\\L2. 

Hence the operator ipPacf^^ is bounded in and the relation ([5^ can be used 
in combination with Analytic Fredholm Theory and the Theorem 13 . 1 1 concerning 
the lack of strong resonances in /i = 0, we are able to say that the operator 

is analytic in Im^ > — i^j excluded a discrete subset where there are the eigen- 
values of ([T]) . Moreover, the application of Theorem 14.21 and the remark after 
the Theorem gurantees that 

ifiPac^-^ (^I - ^(-A - 

is analytic in Im fi > ^6. 

In this way we obtain the inequality 



Considering (p e L^(R), the right hand side of the previous estimate could be 
bounded in several different way: by (I^H)) . it does not exceed C(/z)~ H/Hl^, 
while, from we get that it is less than C(/j,)~ In that way the 

resolvent estimates (|34p and ([55)) are obtained. After integrations by parts and 
following the same lines of the proof for the above estimates, by using (PT|) . 

and ([55]) we finally get ([55)1 and ([57)1 . We notice that, the meromorphic 
extension of the cutoff resolvent (p{P — ^'^)~^ip, guarantees that the estimates 
for Im/i > 0, remain valid also in the domain Im /i > — 5. □ 

Remark 5.1. Since the operator ~ A — W {\x\) has no resonances, the operator 
(/i) has the form, 

i?-(.)^E^ + Q(.) (40) 

where the Bj are projection operators on the eigenspaces associated to the eigen- 
values fi — fij, while Q{i-i) is analytic in Im/i > —5.. The operator 

PacR^{l^)=PacQ{i^), 

is also analytic in Im /i > —5. 
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We now finally give the 

Theorem 5.1. Let uq and vq are Schwartz functions and (p{x) = e"'''^', for 
some S > 0. Then there exists a > 0, such that the solution to (|4]), assuming 
that the potential W has the properties (jlSp . satisfies the following, 

\\^PaMt,x)\\L2 < e-"*(||uo|U2 + \\vo\\h-^), (41) 

and 

\\vdtPacu{t,x)\\L2 < e--\\\uo\\m + llfolUO. (42) 

Proof. The proof of the main theorem follows the one of Vainberg in |27j and 
|25j . Proof of (|¥T|) . We have no loss of generality if we assume u{0,x) = in 
(|4]) and u, vq are real - valued functions. Let be 3i a general Hilbert space and 
denote by Li,(R, 3-C) = e~^^ L{'R,'K). We have, by ([?7|) . the inversion formula 

u{t,x) = —Re e-'i'*R+{fi)vodn, (43) 

^'^ J -oo+iv 

and the above integral converges in L,y(R, L^). We indicate by {n) the mero- 
morphic extension of the cutoff resolvent ipR'^ (fj,)ip. We indicate by 



R+{p) = R-^{ii) f -. (44) 

/i — 1(1' — 1) 



2 



From the fact that 



Re / -d/i = 0, (45) 



we can rewrite the (|43l) as 



ifu{t,x) ^ —Re I e''''*R+{fi)ip-^vodfi. (46) 

271" J-oo+iv 

By Cauchy theorem and integrating along the path showed in the Figure 1 
we yield: 



- / e-'^^'R+{^i)^-^Vod^x ^y^TT e-'^*R+{^l)^-^vod^i = ^ A,. 

(47) 



-oo+iv -■■ ^Lj 

First we notice that from inequality psp we achieve 



IIAilU. </ \\e-'''R+{s)^-^vo\\L2ds<c{t,v)R-^^-^v4H^. (48) 

^ R—ia 

where c(t, i') is a positive measurable function depending (exponentially) on t 
and u. A similar estimate is valid also for the term Fg. Taking i? — )■ oo, we easily 
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-a 



12 



Figure 1: The path T U Ti U Ta U Tg. 

see that || Ai||^2 approaches to for I = 1,3. As far as concerning the remaining 
integral A2, we obtain by two integrations by parts, 

1 i-R-io- ff _ 

A2=N{R)^-'vo + -^ e-*^*— i?+(MV"iz;od/i, (49) 

TT as 



where we denote by N{R) the expression that includes all the boundary integral 
terms. If A2 denotes the second term on the right hand side of the previous 
identity, we may write 

IIA2IIL2 <\\NiR)^-'vo\\L- + IIA2IIL2. (50) 



By estimate ([34)) and f35|) . it is easy to se that the first term on the right hand 
side of the above identity can be bounded by C{R)\\lp~^Vo\\h'- j where C{R) is a 
constant depending on R approaching to as i? — )• 0. The remaining term can 
be handled, for t large enough, as 



e-^^'\\R+{s)^-'v4i^.ds<e--'\\^-^v4H-^ / {s)-^ds< 

'R~ia J-R 

<e"^'\\^-^Vo\\H-^, 

(51) 

and this completes the proof of the first part of the theorem. 

Proof of (j42|) . It is enough to see that the function dtu{t,x), satisfies the 

equation (jU, with initial data vq and Avq. Now we use the estimate (j4T|) . □ 
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6 The Nonlinear Schrodinger equation 

Consider the nonlinear Schrodinger equation (NLS), 

iut{t,x) ^ ~Au{t,x) - \uf^'^u{t,x) ^ 0, {t,x) eRxR^, ^^^^ 
u{0,x) = uo{x), 

where 1 < p < 1+4/3, this means in the domain where the problem is globally 
well-posed. In fact for p > 1 + 4/3, can be exist solutions with norms 
blowing up in a finite time interval. Solitary waves associated with the NLS 
type equation have the form 

with w C 0, for some open interval € R, where Xu satisfies the equation 

~ Axu - ujxu, + lx-r"'x- =0, xG R3, (53) 

X' - 1- (54) 

We recall some well known facts about the linearization at a ground state. Let 
us write the ansatz 

u(t,x) = e"(x^(a;) +r(i,x)), (55) 
Inserting it into the equation ([55)) we get 

idtr = Ar + (nonlinear terms), (56) 

and 

A{uj)r ^{-A + Lo- H±ix£)r - ^xZ7. 

Because of the presence of the variable r, we write the above as a system. 
This yields to 

idtR = H{uj)R (57) 



where 



't'l M 



and with 

L+{u:) = -A + uj-pxl, L^{uj) = -A + u-xl, (59) 

having in mind also that the essential spectrum of H{1) consists of (~oo, — cj] U 
[w, +oo), and that is its isolated eigenvalue. Furthermore it is easy to see that 
L{uj)± are self-adjoint operator with continuous spectrum in [w, oo), that L(uj)- 
is nonnegative, while L(w)+ has exactly one negative eigenvalue (see the paper 
PU] and [55] for more details). We get, according also to the results in fn\, the 
following: 
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Theorem 6.1. The operators L±[lj) have neither an eigenvalue nor a strong 
resonance at spectral point uj. Moreover the linearized operator H(uj) has no 
strong resonances at the spectral points ±uj. 

Before to start the proof of the above theorem we need to give some pre- 
liminary lemmas. By a rescaling argument we can pick uj — 1, and focalize our 
attention on the operator 

L_ = -Axi + XI - Xi, XI e H^{R^), XI > 

because all results can be proved in the same manner for L+. It is well - known 
that positive radial solutions exist and they are exponentially decaying (see, for 
istance, |il4j). Here we briefly sketch the proof for completeness and make a 
better asymptotic expansion. First we note that the Sobolev embedding implies 

lxi(^)l < C. (60) 

A better decay estimate follows from an argument of Strauss (see page 155, 
section 2 of [26]). The classical Strauss lemma (Radial Lemma 1 in [26]) gives 

''Xi(^) < WxiWm = C, 

so 

Xi{r) - x'iir) > (l - S)xi{r) 

for any positive S and for r > large enough. Setting u — Xi('')^i we see that 
u"(r) > (1 - S)u{r) so 




This differential inequality shows that the quantity 

g-V2(i-5)r(^^ + ^2(1 -6)w), w{r) = u^{r) 

in a non-decreasing and has to be non - negative, since w and w' are integrable 
on (OjCxi). This implies the decay estimate 

u^r) < Ce-V2(i-'5)'-^ r-^oo. 

Using the argument of Remark II ■2( we arrive at the following. 

Lemma 6.1. For any uj > there exists a unique positive solution xi^) — 
Xi^i^) G of the equation (|53p and a positive So — Sq{uj), such that 

\xUr)\<Ce-'"'. 
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To obtain more precise estimate we rewrite 

-Axi + XI = F{r) = xl, XI e H^R^), xi > 

as follows 

Xi(kl)=c/ ^ rF{\y\)dy. 

Jk3 \x-y\ 

Introducing polar coordinates, we find 

f°° f e~'^ 

Xi(|a;|) = c / / F{\x + ruj\)dujr'^dr. 

Jo r 

Now we can use the following identity 

/ F{\x^ru\)du:^ — \ F{X)XdX 

Js^ mr J\\x\-r\ 

so 

poo 

Xi(kl) = ^ / FiX)XdXdr. 
Fl Jo "'ll^l-'-l 

One can see that 

Xi(|x|) = ^ (i^i(i^)(|x|) + K,{F){\x\)) (61) 

with 

Ki{F){\x\)^ / e-l^l sinh(A)F(A)AdA. 
Jo 

/•OO 

K2{F){\x\) = / sinh(|x|)e-^F(A)AdA. 

J\x\ 

If one substitutes F{X) with Xil'^) ^-'id note that F{y) — Xiiu) ^ d for \y\ 
bounded due to (pU)) and moreover the estimate of Lemma [6.11 implies F{y) < 
Ce-^'>p\y\ for \y\ > 1 so we deduce 

\Ki{F){\x\)\ < Ce-^l^l, B = min(l,M 

\K2{F){\x\)\ < Ce-^l^l, B = min(l,5op) 

so we find 

N||xi(N|)| <Ce-^l^l, i3 = min(l,(5op). 
If SqP < 1 we derive < Ce^^'-^'^l so making further iterations we get: 

Lemma 6.2. For any a; > there exists a unique positive solution xix) = 
Xuj{^) £ of the equation (|53p and a positive C = C{lu), such that 

r\xUr)\ < Ce-^- 

for r > 0. 
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To get asymptotic expansion, we use ([51]) If one substitutes F{X) with XiW 
and apply the estimate of Lemma [6.2l (with lo = 1) one can obtain the asymptotic 
expansions 

Kiixim) = Coe-l^l + O , \x\ > 1, 

i^2(x?)(l^l) = 0(e-(^'-^)N), N>1, 

^2(x?)(|2^l) = 0(e-(''-^)N), N>1, 

where S is any positive number. After rescahng argument we get. 

Lemma 6.3. For any lo > there exists a unique positive solution x(|a;|) = 
Xu:{x) G of the equation (j53p and a positive Cq — C{uj), such that 

rxUr) = Coe-^'^ + O (^e-^P-^l^^^ , r > 1, 
(rxUr))' = -V^Coe-^"- + O (e'(P-*)V^'-) , r 



> 1. 



Theorem 6.2. For any a; > there exists a unique positive solution xd^^l) = 
Xuj{x) G F[^ of the equation (|53p so that 

for some positive constant Ci. Moreover there exists a positive Cq — C{uj) con- 
stant, such that 

rxu{r) ^ C^e-^^ + O (e-^P-^^^-^) , r > 1, 

{rx^{r))' = -V^Coe^^'' + O {e-^P-^'^^-^ , r > 1. 

Proof of Theorem \6.1\ The proof is easy, so we reduce it in few hnes and it is 
a consequence of the resuhs stated in the previous sections. By Theorem 16.11 
we obtain that the operator L_ — 1 has the form of —A — PF, where W satisfies 
the assumption of Theorem 14.21 and this assure that we have no resonance (or 
eigenvalue) at zero energy, the same is valid for — 1. Finally, using Lemma 
16 in [24j we achieve the proof for H{\). □ 
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7 Appendix 1: Asymptotics for solutions to some 
ODE 

Lemma 7.1. Assume W{s) > 0,Vs > and 

{l + s)^W{s) G L\0,oo). 

If u € (M) is a solution of u" + Wu = and there exist sq > so that 
u{s) > for s > So, then there exits a non - negative number Ci so that we 
have the relations 

W{T)u{T)dT, (62) 



u{s)=u{so)+ (t - So)W{T)u{T)dT + Ci{s- So) - (t - s)W{T)u{T)dT, 

J So J s 

(63) 

as well as the asymptotic expansions (valid for s ^ oo) 

u{s) = Co + Cis + Oig{s)), u'{s) = Ci + 0(/i(s)), 

where 

{l + s)W{s)ds, g{s)= / {l + sfW{s)ds. 

J s 

Proof. We have 

u"{s) = -W{s)u{s) < 0, s> So. 
The Taylor expansion gives 

< u{s) = Do + D,s + <Do+ D^s, 

where 

s > so,^€ (so,s), Di = u'{so), Do = u{so) - sou'(so)- 
The inequahty 

< w(s) < C(l + s) 

and the assumption 

{l + sfW{s) eL\0,oo) 



show that 

u 



'{s)-u'{t) = - W{T)u{T)dT (64) 

is small when so < t < s and s,t are large enough. This argument shows the 
existence of the limit 

lim u'(s) = Ci 
as well as the asymptotic expansion 

u'{s) = C^+0{h{s)). 



23 



Integrating this relation and using the fact 

h{T)dT = 0{g{s)), 

we obtain the desired expansion 

u{s) = Co + Cis + O{g{s)). 

The fact that Ci > follows from the positivity of u{s) for s > sq. Finally, to 
prove we use (|64p and integrating (155)) we find (15^ . 

This completes the proof. □ 

A slight modification is the following. 

Lemma 7.2. Assume W{s) > 0,Vs > and 

{l + s)W{s) e L\0,oo). 

If u & C^(M) is a solution of u" + Wu — and there exist sq > so that 
u{s) > for s > So, then 

u{s) < C(l + s) 

and the limit 

lim u'{s) 

s— >oo 

exists. 

Proof. As in the proof of the previous Lemma we have 

u"{s) = ~W{s)u{s) < 0. 

The Taylor expansion gives 

< m(s) ^Do + Dis + ^^^^^^ '"^ < i:'o + Dis, 

where 

s > So, C e (so, s), Di = u'(so), L'o = ""(so) - sou'(so). 
The inequality 

0<u{s) < C(l + s) 

and the assumption 

{l + s)W{s) e Li(0,oo) 
show that ^ 

m'(s) - U'(t) ^ - I W{T)u{T)dT 



is small when sq < t < s and s,t are large enough. This argument shows the 
existence of the limit 

lim u'{s). 

s— J-oo 

This completes the proof. □ 
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Our next step is to consider the equation (|20p with potential W{r) = Wi{r) + 
W2{r), where 



Wi{r) 



a{a + 1) 



, a > 0, 



(65) 



while W2{r) is a C^(0,oo) positive strictly decreasing function such that for 
some positive constants C, eg satisfies the estimate (|22|) . 

The first step is to obtain asymptotic expansions of the solution and for this 
aim, by the Definitions [3] and [51 we give the following lemma. 

Lemma 7.3. Suppose (|22p is true. 

a) 7/0 is an eigenvalue of P and Pu = 0, in sense of Definition\3^ then one can 
find a real number C so that 



and 



(66) 



(67) 



as r ~> oo. 

b) If is a strong resonance of P and Pu = in sense of Definition\^ then 
there exists a real number C > so that 



u{r) 



C 



o 



and 



'ir) = -^ + 0{e-^^^f^) 



u [ri = — 



as r oo. 

Proof. First we prove a). One can rewrite the equation Pu = as 



(68) 
(69) 

(70) 

(r'^uir))']' + r-°'W2{r)u{r) = . (71) 

Note that the assumption W2 (r) € (0, cxd) combined with the equation Pu = 
imply that u G C^(i?i, i?2) for any < i?i < R2. Integrating ([TT]) in the interval 
(i?i, -R2), we find 



r^" (u'{r) + -u{r)j ' + r-"W2ir)u{r) = 



\R2 {R>{R2)y - Rr"{R>{Ri))'\ 

t-°'W2{t)u{t) dr 

Ri 



(72) 



so using the assumption ([2^ together with the fact that u is bounded (since it 
belongs to i7^(l, +00) n C^(l, +00)), and taking i?i > 1, we find 



t-°'W2{t)u{t) dr 



(73) 
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In this way we conclude that the limit 

lim (r^uir))' , (74) 

r— f oo 

exists and it is equal to a real constant Co- By this, we achieve the expansion 

(r"M(r))' = Cor^" + O (e^^^''/^) . (75) 
Consider now the function 

g{r) = r"«(r) - Co 



2q! + !■ 



then (|75|) implies that g'{r) e L^(l,oo). Moreover we can see that g{r) has a 
limit (say C) as r goes to oo and 

/"OO 

5(r) =C- g'{r) dr = C + 0{e''»^^^). 

J r 

Thus we obtain 
and 

"■"'' = '^»^-|& + ''('-""^) 

as r move to infinity. Comparing these asymptotic expansions with the fact 
that u is bounded, we see that Co = and this completes the first part of the 
lemma. 

The proof of b) can be obtained similarly to the above using the assumption 
(fT5|) . so we skip it. □ 

The above arguments suffices to get 

Lemma 7.4. If is a weak resonance of P and Pu = 0, then one can find real 
numbers C'o,Ci so that 

Ci 



and 



as r > 1 tends to infinity. 



8 Appendix 2 

In this Section we complete the discussion concerning the weak resonances and 
its connection with different type of potentials. It seems that the weak res- 
onances cannot be never avoid, more precisely they are a intrinsic character 
of the structure of the differential equation involved in the description of such 
phenomena. In order to do that we look at large potentials and small potentials. 
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8.1 Large potentials do not generate weak resonance at 
the spectral origin. 

As in the previous section we shall assume W{s) > 0,Vs > and 

{l + s)^W{s) e 2.1(0, c5o). 

To show that all solutions u £ (R) to u" + Wu — having linear growth 
at infinity are identically zero, we can apply Lemma 17.11 so without loss of 
generality one can assume 

u(0) = 0,u(s) > 0, Vs > 0. 

The key assumption that will guarantee that such solutions do not exist is the 
following one 

1 f^' 

— s^W{s)ds > 1 (80) 

for some real M > 0. 

Turning back to the integral equation of Lemma 17.11 we have the following 
relations 

/>oo 

U'{s) =Cl+ W{T)u{T)dT, (81) 

J S 



U{S)^J TW{T)u{T)dT +ClS~ I {t ~ s)W{T)u{T)dT, (82) 

SO we can introduce the operator 

/"OO 

K{u){s)^ TW{T)u{T)dT- I {t - s)W{T)u{T)dT 



tW {T)u{T)dT + S J W{T)u{T)dT. 

It is clear that u > 0, Vs > implies K{u){s) > Vs > 0. The relation ^ 
show that u'(s) > so for the interval [0,M] so that w'(s) > C* = u'{M) > 
for < s < AI. Then we have the estimate 

u{s) > C*s, Vs e [0,M]. 

For any s G [0, M] we have 

/•s I'M 
K{u){s) > Km{u){s) = TW{T)u{T)dT + S W{T)u{T)dT 

Jo Js 

so 

K{u){s) fl 



>CJ^J^ T^W{T)dT + TW{T)dl 
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The function 

1 nM 

- / T'^W{T)dT+ / TW{T)dT 

^ Jo Js 

is decreasing so 



K{u){s) 



s 

The assumption (|M)) implies 



1 f 

— T^WMdT > 1. 



so if u solves the equation u{s) = Cis + K{u){s) we can interating the estimate 

^ > C* Vs e [0, A/] =^ ^ = Ci + C*^ > C* Vs e [0, M], 
s s 

we find 

lim ^=u'{0) > C* +NCi, 
but this is a contradiction since N is arbitrary. 

8.2 Small potentials generate weak resonance at the spec- 
tral origin. 

To construct nontrivial solutions u G C^(R+) to u" + Wu — having linear 
growth at infinity, we assume 

E M / *'^(^)^^ = < 1. (83) 

A/>0 

Remark 8.1. One sufficient condition for ^8^^) is 



POO 

/ sW{s)ds < 1, 
Jo 



M i-M 
2t 



since we have the estimate 

I s'W{s)ds< I sW{s)ds. 
^ Jo Jo 

Consider the integral equation 

u{s) = Cis + K{u){s), 

where 

/•OO /'OO 

K{u){s)= / TW{T)u{T)dT - / {t- s)W{T)u{T)dT 
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PS poo 
/ TW{T)u{T)dT + S / W{T)u{T)dT. 
Jo Js 



We plan to show that this equation has a solution in the Banach space 
obtained as a closure of the linear space L formed by the functions u{s) G 
C([0, oo)), such that u(0) = and 

\u{s)\ 

\\\u\\ \ = sup ' ^ " < oo. 

To be more precise, B is the closure of L with respect to the norm 
To show this fact it is sufficient to notice that 

lll^(«)!ll<^IIHII 

so the assumption D < 1 enables one to apply a contraction argument for the 
equation 

u{s) = Cis + K{u){s). 
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